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Abstract-A convex body which does not properly contain a convex body with the same minimal 
width is said to be reduced. It is not known whether there exist reduced n-polytopes, n 2 3. We 
prove that there is no reduced tetrahedron. @ 2002 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The notion of a reduced body is important for various extremal problems concerning the minimal 
width of convex bodies in Rn. For instance, to find (or estimate) the minimum ratio of ith volume 
and minimal width over all convex bodies, it suffices to consider only reduced bodies. Another 
application refers to containment problems, e.g., how large can a regular simplex (or a cube) be 
to be still contained in each convex body of minimal width l? For these and related problems, 
see [l]. 
Let K” denote the class of all convex bodies (i.e., of all compact, convex sets with interior 
points) in W”, n 1 2. The body K E Kn is said to be complete if there is no K’ E K” such 
that K c K’, K # K’, and the diameter d(K) (= length of the longest chord) of K is equal to 
d(K’). (The extension of this definition to arbitrary bounded subsets of W” yields the same class 
of complete sets.) It is well known that in Wn, completeness is equivalent to constant width, and 
that this is no longer true in Minkowski spaces, see [2, Section 15; 3, Section 4; 4; 5, p. 3651 for 
more information. The concept of reduced bodies is dual to completeness and was introduced 
by Heil [6]: a convex body K E Kn which does not properly contain a convex body with the 
same minimal width (= minimal distance between two parallel supporting hyperplanes of K) is 
said to be reduced. Each body of constant width, but also every regular m-gon in Iw2 with odd 
vertex number m is reduced. A reduced body with Cl-smooth boundary is of constant width, 
see [7,8]. Heil (cf. [9, Problem 271) asked whether each strictly convex reduced body K has 
constant width, which w&s confirmed by Dekster for n = 2, cf. [lo] and, for a related result, [ll]. 
Various geometric properties of reduced bodies were presented by Lsssak [8]. Two of the most 
interesting open problems referring to reduced bodies are as follows. 
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1. 
2. 
Is it true that for n 2 3, each strictly convex reduced body is necessarily of constant 
width? 
Do there exist reduced n-polytopes for n > 3? 
A positive answer to the first question was announced by Bijhm [12], the second problem is 
due to Lassak [13] and still open. 
Our result refers to the second question and might be the starting point for answering it 
completely in three dimensions. Namely, we will prove that there is no reduced tetrahedron in W3. 
It should be noticed that this result is strongly related to an erroneous assumption of Blaschke [14] 
(referring to the minimal width of regular simplicities and corrected by Steinhagen [15]). 
2. THE RESULT AND ITS PROOF 
Let us assume that a (nondegenerate) tetrahedron P c IR3 be reduced. Then the classical 
volume formula 
V(P) = ;A’. hi, i E {L2,3,4), 
where Ai denotes the ith two face area and hi the length of the corresponding ith altitude, implies 
A1 = A2 = A3 = Ad, because each hi is the width of the tetrahedron P for the normal direction 
of its ith two face, and for different such values at least one vertex of P could be cut off without 
decreasing the minimal width, but obtaining a proper subset of P which is still compact and 
convex. Here we also note the obvious fact that, if P were reduced, the orthogonal projection of 
any vertex of P on the plane containing the opposite two face, has to lie in the relative interior 
of this two face. Therefore, it remains to consider only the so-called equ&iaZ (or isosceles) 
tetrahedra, which are defined by 
(A) Al = AZ = A3 = Ad. 
It is well known that the following properties of a tetrahedron P are equivalent to (A). 
(B) The 4 two faces of P are congruent. 
(C) The four solid angles at the vertices of P have equal measures. 
(D) These solid angles are even congruent. 
(E) The planar angle sum around each vertex of P is A. 
(F) Every two opposite dihedral angles (between two faces of P) are equal. 
For proofs, a list of further equivalent properties and related references the reader should 
consult [16]. In particular, (A) _ (B) was probably first obtained about 1880, namely by Genty 
and Lemoine (cf. [17, pp. 1062-10631, where also related observations of Jacobi and Schmidt are 
discussed). Moreover, in view of (B), it is easy to verify that there is a canonical one-to-one 
correspondence between the congruence classes of acute triangles and equifacial tetrahedra (i.e., 
nonacute triangles cannot occur as two faces of such tetrahedra). 
THEOREM. There is no reduced tetrahedron in R3. 
PROOF. Let P be an equifacial tetrahedron in R 3. Due to (A) w (B), the two faces of P are 
congruent. Denoting by a, b, c, d the vertices of P, one can find a suitable similarity transform 
such that these four affinely independent points have the representation 
a = (O,O, O), b = (I,O,O), c = (P,4,0), d = (~7 s, h), 
in a Cartesian coordinate system. We can also assume that q > 0 and h > 0 (otherwise, one can 
choose a reflection at y = 0 and .z = 0, respectively). Thus, h presents the length of each of the 
four altitudes of P. Due to (B), every edge of P has the same length 
to it (see also [18, Theorem 4.2]), and so we get the three equalities 
(I) p2 + q2 = (T - 1)2 + s2 + h2, 
(II) (p - 1)2 + q2 = r2 + s2 + h2, 
(III) 1 = (p - r)2 + (q - s)~ + h2. 
as the unique edge disjoint 
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Subtracting (I) from (II), we get -2p + 1 = 2r - 1, yielding 
(IV) r=l-p 
and, due to (II), also 
(V) q2 = s2 + h2. 
Finally, (III)-(V) imply 1 = 4p2 - 4p + 1 + 2q2 - 2sq, i.e., 
(VI) a = l/q(q2 - 2PU - PII. 
With 
ml : = i(a+b), m2: = i(c+d), mg: = :(a+~), 
m4 : = i(b+d), m5: = i(a+d), me : = i(b + c), 
(IV)-(VI) imply (with 11 . 11 denoting the Euclidean norm) 
llml-mz112= ~((c+d)-(a+b))l~2=~((p+r-l)2+(s+q)2+h2) 
I/ 
= a( 2q2+2sq) =;(2q2-2p(l-p)) =q2-p(l-p), 
Ilrns - rn4112 = i ((r + 1 - P)~ + (s - q)2 + h2) = a (4p2 - 8p + 4 + 2q2 - 2sq) 
= f (2p2 - 4p + 2 + 2p(l - p)) = 1 - p, 
lb5 - will2 = i ((p + 1 - r)2 + (q - s)~ + h2) = i (4p2 + 2q2 - 2qs) 
= ; (2p2 + 2p( 1 - p)) = p. 
In short, we conclude 
(VII) Ilmi - m2112 = q2 -p(l -p), 
(VIII) llrna - m4112 = 1 -p, 
(IX) Ilm5 - melI = P. 
Furthermore, Relations (V) and (VI) yield 
h2 = q2 - s2 = -$ (q2 - qs) (q2 + qs) = -$ . p(1 - p) . (q2 - p(1 - p)) , 
and thus, 
h2 = -$ . llrni - m2j12 . Ilms - rn4/12 . Ilrns - ms/12. 
As is well known and easy to verify, the line segment, connecting the midpoints of a skew pair of 
edges of P, is orthogonal to both these edges. Hence, there exist three pairs (Hi, Hz), (Hs, H4), 
(H5, He) of parallel supporting planes of P satisfying rni E Hi, i = 1, . . ,6, such that Hz3-i 
and Hsj exhibit the distance Ilrn2j_i - rnzjll, j = 1,2,3. If P were reduced, the relations 
llrni - rnzll 2 h, llmg - rn411 2 h, and l/m5 - rnsll > h would hold, because otherwise a vertex 
of P could be shaved off without diminishing the minimal width. Together with (VII)-(IX), we 
get 
(VII’) q2/4 L PC1 -PI, 
WI’) q2/4 L P(q2 - PU -P)), 
(IX’) q2/4 2 (1 - PNq2 - PC1 -P)). 
(Note that by (VII)-(IX), the three numbers q2 - p(1 - p), 1 - p, and p are positive.) Adding 
up, we obtain 
2 
$ Lq27 
a contradiction to q > 0. Thus, P is not reduced. I 
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